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1 Introduction

This study examines the movement of a quantum mechanical particle in a potential governed
by the Schrodinger equation. The equation is resolved numerically using the Crank-Nicolson
scheme. Firstly, the quantum harmonic oscillator will be studied. For this simple case, the
quantum evolution of the wave function will be compared to the classical trajectory of the
particle. Further, the probability and average energy conservation as well as the conformity
to the Heisenberg uncertainty principle will be verified. The convergence of the numerical
simulation with respect to both the number of time steps and the number of spatial intervals
will be verified. In the second part, the tunnel effect will be studied. The probability of
transmission of the particle will be determined depending on the ratio between the energy
of the particle and the size of the potential barrier. The probabilities of the particle being
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on the left and on the right side of the potential barrier will be determined as functions of
time and also compared to the classical case.

2 Theory

2.1 Statement of the problem

In the context of quantum mechanics, the movement of a particle of mass m in a unidimen-
sional potential V'(x) is studied. The Hamiltonian of this system is
~2

~ p “
= — +V(z). 1
H o +V(2) (1)
The potential, illustrated in figure 1, is given by
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The particle is initially described as a Gaussian wave packet centered at x = xy and with
standard deviation ¢ = 0,0 L and wavenumber ko = 27n/L:

(.t = 0) = Cexp(ikoz) exp [—(z — x)?/(20%)] (3)

The constant C' is chosen numerically such that the state is normalised, i. e. such that

/ o, 0) Pz = 1 (4)

zr

The figure 2 illustrates the initial wavefunction ¢ (z,t = 0).
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Figure 1: Graph of the potential V(z) for  Figure 2: Graph of the initial wavefunction
Vo =1300J, 2, = —1m, 2g = 1m, z, =  (x,t =0) for opoym = 0.04m, n =16, x;, =
—0.5m, x, = 0.5m. —1m, zg = 1m and o = —0.5m.

2.2 Analytical calculation of the classical harmonic oscillator

The Hamiltonian of the classical harmonic oscillator is given by

P2 - p2 1 2 9
H(x,p) = o T Viz) = e UL (5)



From the Hamiltonian formalism it follows that

0 0

x':a—r};:%, ':—8—;::—mw(2)x — i=—wi (6)

Solving this system of differential equations gives
{xdass(t) = Acos(wot) + B sin(wyt) (7)

Pelass(t) = —Amwg sin(wot) + Bmuwy cos(wot)
Using the initial conditions x(t = 0) = xy, p(t = 0) = poy to determine the constants A and
B leads to A=, g Do ’ (8)
mwo

thus the classical position and momentum are given by

{xdass(t) = xo cos(wot) + L2 sin(wyt)

mwo
Pelass (t) = —xomuwy sin(wot) + po cos(wot).

(9)

2.3 Discretisation of the problem

The problem is discretised using ngeps time steps and n, spacial intervals. Because the
Hamiltonian is time-independent, the time evolution of the system is given by

At
ot + 80 = oxp (=50 vl (10)
At At
= exp i) Y(x,t+ At) = exp Y, Y(z,t) (11)
2h 2h
Approximating the exponential function by a first order Taylor series expansion gives
1At 1At

In its discretised form, 1 (x,t) is represented by a vector, thus H is represented by a matrix
with dimensions n, X n,. At a fixed time ¢,

n? ‘ Vi1 — 20 + i1

U Vi 13
=5 Aoy T (13)
-2 1 0 Vi 0
K2 1 -2 . Vs
_ 14
— H 2m(Aw)2 ) . 1 + el ( )
0 1 =2 0 Ve

In equation 12, one identifies the matrices A = (1 + %’H) and B = (1 — iQA—ht ) It is noted
that H, A and B are tridiagonal matrices, allowing for the system Ay (¢t + At) = By (t) to
be rather easily resolved numerically.

For the calculation of integrals, the trapeze rule is used [1]:

/ f(e)de = Ay f(z) +2f (#i1) | o ((An)?) (15)
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where Ax is the size of the spatial intervals. At every time step, the simulation calculates
the expectation values (x), (x?), (p), (p?) and E = (H). The following is the calculation of
(p), the other cases follow by analogy.

ox ox oz

(16)
The partial derivatives of ¢ are calculated using forward and backward finite differences
on the left and right boundary respectively, and centered finite differences for the interior
points. For the calculation of £ = (H) = f;LR *(z, t)Hy(x, t), a matrix multiplication is
effectuated to compute H(z,t). For the second partial derivatives of ¢ in the calculation of
(p?), centered finite differences are used for the interior points, while at the boundary points
the second partial derivative is set to zero.

3 Harmonic Oscillator

In this first section, the Quantum Harmonic Oscillator is studied. This is done by taking the
potential as V' (z) = %mngz, which corresponds to choosing z; = —1m, zg =1m, V; =0J
and x, = 0m = x;,. Further, the initial wave packet is taken with wg = 100 Hz, 2o = —0.5m,

Onorm = 0.04m and n = 16. The system is simulated up to tg, = 0.08s.

3.1 Quantum motion and comparison with classical motion

A simulation is done with n, = 512, ngeps = 800. The figure 3 illustrates the evolution of the
modulus and the real part of ¥ (x,t). The results can also be found in form of an animation
under this link.
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Figure 3: Evolution of the wave packet

It is observed that |¢(z,t)| retains its form of a Gaussian-envelope wave packet throughout
the simulation. The figure 3b shows that the group velocity of the wave packet is greater
than the phase velocity. Effectively, the individual wave crests in 3b have a greater gradient
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than the envelope in 3, indicating an inferior velocity. This corresponds to the theoretical
result that the group velocity, representing the particle’s velocity, is twice the phase velocity.
The figures 4 and 5 illustrates the average position (z)(t) and momentum (p)(¢) in comparison
with the movement of a classical particle determined in section 2.2.
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Figure 4: Comparison between (z)(t) and  Figure 5: Comparison between (p)(t) and
Lclass (t) Pclass (t)

For both position and momentum, an offset
between the quantum mechanical expecta-
tion value and the classical quantity is ob-
served. However, this offset is the result
of truncation errors during the simulation
rather than an inherent difference between
the classical and the quantum mechanical
case. This is illustrated by figure 6, which
shows that for larger values of ngeps and

ng, the difference between the two graphs 000 0.01 0.020.03 f'[osll] 005 0.06 0.07°0.08
is much smaller compared to figure 4. The

convergence of the simulation is further ana- Figure 6: Comparison between (z)(t) and
lysed in section 3.3. Telass (1) TOT Ngeps = 2000, ng = 2048

x [m]

3.2 Verification of physical prop-
erties

The probability of the particle being found in between the points x = a and x = b is given
by b

Pacsaalt) = [ 1ol 0)Pds (17)
Firstly, the conservation of total probability is evaluated. The figures 7 and 8 show the

evolution of the total probability as well as the probability of the particle being in the left
and right half respectively.
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As expected, the total probability is conserved and equal to 1 throughout the simulation.
Further, in figure 8 it can be seen clearly when the wavefunction passes from one side to the
other. Similarly, figure 9 shows that the total energy is conserved as well.

The Heisenberg uncertainty principle reads

Az - Ap > g (18)

where AA is the standard deviation of the operator A which can be found as follows :

AA = J(ade) = \/(Az) — (Ay2 (19)
In figure 10 the evolution of Az - Ap is illustrated. The graph confirms that the Heisenberg
uncertainty is fulfilled during the simulation. Further, the graph reveals that at ¢ ~ 0.06s,
the quantity Ax - Ap is nearly minimised.
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Figure 9: Time evolution of the energy  Figure 10: Verification of the Heisenberg un-
E(t) = (H)(¢) certainty principle

3.3 Numerical convergence

In figure 11, the convergence graphs of (z)(ts,) with respect to the number of time intervals
Nsteps a5 Well as the number of spacial intervals n, are shown. For comparison, the position
of the classical harmonic oscillator at ¢t = tg,, found in section 2.2, is also shown.
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Figure 11: Convergence of (z)(tg,) with respect to (&) Ngeps (D) Ny

The graphs lead to the conclusion that

(x)(tan) converges of order 2 with respect

to both ngeps and n,. At first, it appears 057 Y
from 11 that (x)(tg,) does not converge to- _,0.550

wards the analytical result for the position of £ 0.525

the classical harmonic oscillator. However, §0.5oo

this results from the fact that the conver- %<

gence is examinated with respect to Ngeps 04751 -~ data

and n, separately. Effectively, both para- 04501 );;(;arsasl(lteﬁlnl)ine

meters introduce errors and limit the accur- o or 1o 15 3o 55 3o oS
acy of the simulation. Thus, another con- ' ' 1 1 " 1le-6
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Nsteps = Tsteps,0* lmult and Mg = Ng,0 Mmult and
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Thus, the convergence is of second order
with respect to ngui. However, the effectuated numerical calculations scale proportion-
ally to ng - ngteps. Given that n, - Nggeps X n? it is concluded that the overall convergence

mult?’
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Figure 12: Convergence of (z)(ts,) with re-
spect to Ngeps and n, simultaneously

4 Potential Barrier and Tunnel Effect

4.1 Transmission probability analysis

The parameters of the potential defined by the equation (2) are now set to Vy # 0, 2, = —0.5
m, x;, = 0.5 m and the initial wave function is kept the same. The effect of the potential
barrier on the probabilities of finding the particle on the left side F,.g) or on the right side
P;~0) of the barrier will be studied. At the time #.,s = 0.035 s, the particle is considered
to have entirely bounced off or crossed the obstacle. The figure 13 represents the probability
Pirans = Pa>o) (tirans) that the particle has gone through the barrier as a function of V4 and
as a function of (E)/Vy. As shown in the section 3.2, the average (F) is conserved during
each simulation, so it can be taken as the energy average at time ¢ = 0 s.
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Figure 13: Probability Pi...s of finding the particle on the right side of the barrier at time
tyans (@) as a function of Vy  (b) depending on (E)/V;

As expected, the probability of transmission pi..s decreases as V; increases. First, the
average of the energy (FE) varies slightly with 1, but it can generally be considered to be
around (E) ~ 1300 J. While below V < 500 J, the particle is almost entirely transmitted,
it is observed that for larger values, the probability pi.a.ns decreases even though the energy
(E) > Vj is sufficient for the particle to cross the barrier in the classical case. pians seems
to be around 1/2 at Vj ~ (E). For V; > (E), the classical particle wouldn’t be able to cross
the barrier, but the probability of transmission pians is not zero. The probability pirans iS
close to zero for V{ ~ 2600 J, which can be linked with 2(£). The second graph confirms
these observations. In fact, with (E)/Vy = 1/2, pirans is close to zero, for (E)/Vy ~ 1, it is
close to 1/2 and for (E)/Vy > 2, the probability pans approaches 1.

4.2 Evolution of the wave function ¥ (x, 1)

The aim is now to gain a better understanding of how the wave function v (z,t) interacts
with the potential barrier. Four cases will be studied: Vj =500J < (E), V5 = 1300J ~ (E),
Vo = 1700J > (E) and Vi = 2500J > (E). The figure 14 shows the distribution of the
wave function modulus evolving with ¢ for these four simulations. These linked animations
can also help visualize how the particle progress for Vj < (E), Vo ~ (E), Vi, > (E) and
Vo > (F). The simulations are effectuated up to tenqg = 0.08s.
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Figure 14: Evolution of the wave function modulus |¢(x, t)| for different potential heights Vj

As seen before, for Vy = 500 J < (FE) the particle is almost entirely transmitted. But the
dispersion of the wave function is now also visible on the graph and on the animation. This
effect is caused by the short wavelength travelling faster than the longer ones. For V;, = 1300
J ~ (F), the wave function splits into almost two equally distributed packets. The two pack-
ets each interfere with themselves when they bounce against the end of the potential. When
they reach the potential barrier a second time, the reflected part of the left packet, and the
transmitted part of the right packet create an interference pattern. It is possible to observe
minima and maxima of the wave function modulus |¢)(z,t)| on the left side of the barrier.
Furthermore, the animation shows that the shorter wavelengths appear to penetrate the po-
tential barrier more easily. Effectively, these radiations hold more energy. For Vj = 1700 J
> (FE), as observed before, the transmission probability is non-zero but significantly reduced
compared to previous cases. Also, the wavelengths that were able to cross are the shorter
ones. Finally, for V5 = 2500 J > (E) the particle is almost entirely reflected.

The figure 15 represents the probabilities of finding the particle on the left side of the
potential barrier P,y and on the right side of it P, as a function of time with an offset
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of 7 = 0.0257 s and depending on V. The simulation has been extended to a duration
Of tend2 = 3tenda = 0.24 s to analyse how the probabilities evolve after a long time. These
probabilities are also compared with the classical ones given by
1 if E<V
POyt =41 if E>VyettmodT <T/2 PEsy(t) = 1 = Pucoy(t)
0 otherwise
with 7" the classical period, calculated numerically for £ = (E) > V|, with this integral

b 1
r=2 /JU( = Vam: / TE v
+4 are the boundaries of the position that the classical particle can reach, defined by V(£4§) =
E. For Vi = 500 J, the classical period is T599 = 0.07490 s which is larger than i—g For
Vo = E, the classical particle takes an infinitely long time to reach the top of the barrier.
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Figure 15: Probabilities of finding the particle on both sides of the potential barrier as a
function of time ¢ for four values of V; (a) Left side P, (t) (b) Right side Pz~0)(t)

For Vj = 500 J < (E), the probabilities of the first pattern are close to the classical ones.
The classical period T5yy also seems to match the simulation. For the following patterns, the
probabilities tend to balance, reach 1/2, and they deviate from the classical predictions. By
increasing Vp, P,<0) also increases and the probabilities are further away from the classical
ones. For Vi = 1300 J ~ (FE), this effect is indeed visible. The observed period T is longer
but not infinite like the classical one. For V; = 2000 J > (F), the probabilities continue to
oscillate and they are also close to the classical probabilities. By increasing even more Vj,
P(z<0) would approach the classical probability which is 1.

5 Optional

5.1 Detection of the particle

A particle detector was implemented for the right half of the system. If activated, at time
t = tgetect, the wavefunction is multiplied by a function f(z) and subsequently renormalised,
where
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The constants were chosen x4, = 0.2 and 0.8

za = 0.8 and the simulation from section 4

of a potential barrier with V5 = 1700 J was 0.4
repeated, but with a detection at tgetect = 0.0

0.04s. The figure 16 and this animation il-

lustrate the evolution of the wavefunction.
For comparison, the evolution without de- Figure 16: Evolution of the wavefunction with

tection is shown in figure 14. At the instant @ potential barrier with V5 = 1700 J and a de-
of detection, the part of the wavefunction tection in the right half at tgetect = 0.04s
which was reflected disappears, and due to

the renormalisation the part that has been

transmitted increases in amplitude.

5.2 Periodic potential

The potential

0.08 2.8

V(z) = Vysin <np0t27TT$> vor g
serves as an approximation of the energy 0.06
landscape in a crystal, as explained in the 20
course notes [2]. The parameters are set o 165
to Vo = 500J, nyet = 40, and L = 4m. -2.0.04 X
The initial wavefunction is defined by equa- 0.03 12
tion (3) with the values n = 20, zy = 0.02 0.8
—0.5m, and oporm = 0.04 m.
For a specific energy level, the expectation 0.01 o4
value of the momentum is zero, and the 0.00 % - . ! Y Moo

particle remains stationary, as illustrated x [m]
in Figure 17 and the accompanying video.
These results have important applications
in solid-state physics.

Figure 17: Evolution of the wavefunction
with a sinusoidal potential

6 Conclusion
The study explored the quantum harmonic oscillator and the tunneling effect through a

potential barrier by numerically solving the time-dependent Schrodinger equation using the
Crank—Nicolson scheme. In the first part, the quantum harmonic oscillator was examined
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through a comparison between the quantum evolution of the wave function and the classical
trajectory of a particle. The modulus and real part of the wave function were visualized, and
the quantum expectations (x)(t) and (p)(t) were compared with their classical counterparts
Telass () and perass(t). The conservation of total probability and average energy, as well as the
validity of Heisenberg’s uncertainty principle, were then verified. Numerical convergence of
the final average position was studied and was found to be of second order with respect to
both the number of time steps and the number of spatial intervals individually. However, it
was found that the overall convergence of (z)(tg,) is of first order with respect to n, - Ngteps-
In the second part, a potential barrier was introduced to investigate the quantum tunnel-
ing effect. The transmission probability was analysed as a function of both the particle’s
average energy and the barrier height. The evolution of the wave function was illustrated
for representative scenarios. Additionally, the time-dependent probabilities of finding the
particle on either side of the barrier were compared with classical expectations. Finally, a
particle detector was simulated to analyze how the wave function evolves when the particle
is detected on the right side of the barrier.

By providing clear visual representations of the system’s evolution, the study contributed to
a more intuitive understanding of key quantum phenomena such as wave packet spreading,
self-interference, and quantum tunneling.
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Appendices

Values used in the simulations

Parameter | Value
ten [8] 0.08
xp [m] -1
g |m] 1
zo [m] 0
xp |m] 0
wo |Hz] 100
Vo [J] 0
zo |m] -0.5
Onorm || 0.04
n 16
Nsteps 800
Ny 512

Parameter | Value
tend [8] 0.08
xp |m] -1
g |m] 1
Zq [m] -0.5
xp [m] 0.5
wo |Hz| 100
xo |m] -0.5
Onorm || 0.04
n 16
Nsteps 800
Nintervals 012

Table 2: Values of the parameters for the

Table 1: Values of the parameters for the  section 4 on the tunnel effect |3]

section 3 on the harmonic oscillator |3]

Finite differences and Trapeze rule

First order centered:

fl+1 fz 1
f.’
E 2hx
First order forward: ’a fior — fi
7 h:p
First order backward: e fz fi
7 hx
Second order centered: e fior — 2f; + fi1

Trapeze rule:

b N , Tiiq
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