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Abstract

The Standard Model of particle physics is extremely successful, yet incomplete. Several
measurements performed by the LHCb at CERN have revealed tensions with its predic-
tions referred to as B anomalies. The B0 → K0∗µ+µ− decay occurs only at loop level,
i.e. through rare higher-order processes, making it sensitive to new physics contributions.
The value of the Wilson coefficient C9 can be determined from the kinematic distributions
measured by the LHCb. This is traditionally done using likelihood-based fits that rely on
a large number of parameters with complex correlations potentially leading to an underes-
timated uncertainty and biased estimation. This work explores Simulation-Based Inference
as a new approach to estimate the value and uncertainty of C9. The ideal simulator at
theory level fails the misspecification test. Experimental effects are then implemented,
partially correcting this issue. The expected scaling relation between the uncertainty and
the number of events per sample is confirmed. Several configurations are compared to
identify the most suitable one for an accurate inference. Estimates of C9 with relative
deviations of order 15% with respect to the Standard Model prediction and existing fit
measurements are obtained using LHCb toy data. However, the simulator is too simpli-
fied and the neural networks are insufficiently robust for these estimates to be reliable, as
they may be biased and their uncertainties underestimated. These results highlight both
the potential and the limitations of Simulation-Based Inference for the estimation of the
Wilson coefficients.
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1 Introduction
The Standard Model of particle physics is one of the most successful theories in modern phys-
ics. It provides a precise description of the fundamental particles and their interactions. Over
the past decades, its predictions have been confirmed by a wide range of experiments with
remarkable accuracy. However, the Standard Model is known to be incomplete. It does not ex-
plain observations like dark matter, dark energy, the neutrino masses and the matter–antimatter
asymmetry. These limitations motivate the search for new physics beyond the Standard Model.
Measurements performed by the LHCb (Large Hadron Collider beauty) experiment at CERN
have revealed several tensions with Standard Model predictions, referred to as the B anomalies.

In particular, the B0 → K0∗µ+µ− decay occurs only at loop level, i.e. through rare higher order
processes, making it sensitive to potential contributions from new particles. The distributions
of the kinematic observables depend on Wilson coefficients such as C9. Over the past decade,
precise measurements of this decay have been performed by the LHCb. The Wilson coefficient
C9 has been estimated using likelihood-based fits, revealing a discrepancy of around 4σ with
the Standard Model prediction [1]. However these fits rely on simplifying assumptions and a
large number of free parameters with complex correlations, which could lead to underestimated
uncertainties and biased estimations.

Simulation-Based Inference offers an alternative approach to infer parameter values when a
simulator capable of reproducing the data is available. With this approach, neural networks
are trained on simulated datasets to learn the relationship between the parameters and the
observables. This work explores the use of Simulation-Based Inference to estimate the value
and uncertainty of the Wilson coefficient C9 from B0 → K0∗µ+µ− decay measurements.

A simulator modelling the theoretical decay distributions and the experimental effects is imple-
mented in order to generate a training dataset. Diagnostics of misspecification are applied to
assess the agreement between the simulated data and the LHCb measurements. Several neural
networks with different configurations are then trained and compared to determine the most
suitable configuration. The calibration and robustness of these models are assessed through
implemented diagnostics. The impact of the number of events per sample, the training dataset
size and the training duration will be investigated. For experimentation purposes, inferences
on LHCb toy data will be attempted and compared with the Standard Model predictions and
fit measurements.

Section 2 introduces the physical context and the Simulation-Based Inference framework. Sec-
tion 3 explains the implementation of the simulator and the experimental effects. Section 4
treats the technical realization of Simulation-Based Inference. Finally, Section 5 presents the
results which are discussed in Section 6.

2 Theory
2.1 Beyond the Standard Model
The Standard Model (SM) of particle physics is a theory that describes the behaviour of the
fundamental particles through the electromagnetic, the strong and the weak forces. It provides
extremely successful predictions that match almost all experimental results obtained over the
past decades. For example, the measurement of the electron’s anomalous magnetic dipole mo-
ment gives g/2 = 1.00115965218062(12) where the parentheses indicate the uncertainty in the
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last digits. This measurement agrees with the SM prediction to more than 12 significant figures,
making it the most successful prediction in the history of physics [2].

However, the Standard Model is known to be incomplete. It doesn’t explain phenomena such as
neutrino mixing, dark matter, dark energy, and the matter-antimatter asymmetry. Therefore,
it is important to test this theory in order to identify its limitations and to find clues for
new physics. This is investigated experimentally in two main ways. The first approach is
to try to produce new particles with a particle accelerator like the Large Hadron Collider
(LHC) at CERN. This strategy led the ATLAS and CMS experiments to discover the Higgs
boson in 2012. However, this method is limited by the energy that the accelerator can reach
and no new particle has been found since. The second method is to precisely measure well-
understood processes and search for deviations from Standard Model predictions. This approach
is used by the LHCb (Large Hadron Collider beauty) experiment, focusing on measurements of
particles containing b and c quarks. New particles can affect these predictions through virtual
contributions. They can therefore contribute without being directly produced at their physical
energy scale. Deviations mainly in quark transitions b → sℓ+ℓ− and b → cτν have been
measured and grouped under the name B anomalies. Figure 1 shows the discrepancy between
the Standard Model prediction and the values of the Wilson coefficients C9 and C10 favoured by
fits. The origin, corresponding to the Standard Model prediction, lies outside the 2σ preferred
regions. Figure 2 illustrates the deviation between the Standard Model predictions and the
measurements of the angular observable P ′

5. The points, representing LHCb data, deviate from
the coloured regions corresponding to the Standard Model predictions. Together with other
observable deviations, this amounts to a deviation of 4.1σ [1].

Figure 1: Global fit to b → sµ+µ− data in the (C9, C10) plane. The origin corresponds to the
SM prediction and the coloured regions to parameters preferred by experimental data [3].
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Figure 2: B0 → K0∗µ+µ− angular observ-
able P ′

5 as a function of the µ+µ− invariant
mass squared q2. Points are LHCb data, col-
oured regions are SM predictions [1] [2].

The observed deviations could be explained by new physics like a new boson Z ′ or new
leptoquark particles directly coupling leptons and quarks. However, these deviations could
also be explained by a misestimation of Standard Model contributions, such as hadronic un-
certainties [2]. These come from non perturbative effects, non local contributions, and limited
ability to calculate strong interaction effects inside hadrons. Finally, the deviations could be
explained by biased measurements and underestimated uncertainties.

2.2 B → K∗ℓ+ℓ− decays
The B → K∗ℓ+ℓ− decays involve a flavour changing neutral current b → sℓ+ℓ−, which is for-
bidden at tree level and happens mainly through the loop Feynman diagrams shown in Figure
3. The weak interaction loop causes the decay rate to be suppressed, making it sensitive to
potential new contributions and an interesting probe of physics beyond the Standard Model.
Figure 3 also illustrates the Feynman diagrams of possible contributions from new physics, such
as a new boson Z ′ or a leptoquark LQ.

(a) (b)

(c) (d)

Figure 3: Feynman diagrams contributing to the B0 → K0∗ℓ+ℓ− decay [4]: (a) penguin diagram
(b) box diagram (c) possible contribution from a new heavy boson Z ′ (d) possible contribution
from a leptoquark LQ.
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Among all the decays grouped under the label B → K∗ℓ+ℓ−, this study focuses on B0 →
K0∗µ+µ−. At low energies, electrons (ℓ = e) tend to radiate a large fraction of their energy
through interactions with atomic nuclei known as Bremsstrahlung, making them harder to
detect. The tau lepton (ℓ = τ) is heavier, needs more energy, suppresses the decay rate, and
decays before reaching the detectors, also making its identification difficult. Therefore, choosing
muons (ℓ = µ) makes the decay easier to study experimentally. A similar reasoning motivates
the choice of B = B0 and K = K0∗. The particle K0∗ is an excited resonance that decays rapidly
via K0∗ → Kπ. The full decay chain can therefore be written as B0 → K0∗(→ Kπ)µ+µ−.

2.3 Kinematics of the decay
An instance of this decay, called event, is described by four observables: q2 corresponds to the
invariant mass of the dilepton pair µ+µ−, θK ∈ (−π

2
, π
2
) is the angle between the B and K

momenta in the K∗ rest frame, θℓ ∈ (−π
2
, π
2
) is the angle between the momenta of B and µ−

in the µ+µ− rest frame. Finally, ϕ ∈ (−π, π) is the angle between the planes Kπ and µ+µ− in
the B frame. It is worth noting that the definitions of these angles depend on the convention.
The LHCb also measures an additional observable mB describing the mass of the reconstructed
B0 candidate using the final particles momenta. In ideal conditions, this mass should be equal
to the real B0 mass. But due to measurement uncertainties and energy losses, it differs and
follows a distribution that peaks around the true value. Including this observable is important
to distinguish real events from background contributions discussed in Section 3.2.2.

The decay B0 → K0∗µ+µ− is modelled by the Weak Effective Theory (WET). This framework
describes low-energy weak interactions by integrating out the contributions of heavy particles
like W and Z bosons in a sum of effective operators Oi. The effective Hamiltonian is expressed
as Heff =

∑
i CiOi where Ci are the Wilson coefficients. These operators and coefficients de-

termine the distributions of the kinematic observables (q2, θK , θℓ, ϕ). The coefficient C9 is par-
ticularly important for this decay. The Standard Model provides a prediction of CSM

9 ≃ 4.27.
Measuring a large number of events with the LHCb allows to extract the effective value of C9

and to compare it with the prediction and potentially identify new physics. This value extrac-
tion is traditionally performed using likelihood-based fits giving a deviation of approximately
4σ [1]. However, these fits rely on limited statistics and many correlated parameters. This may
lead to biased estimates or underestimated uncertainties. This study investigates Simulation-
Based Inference (SBI) as an alternative approach to determine the value of C9 directly from
the data. This method could validate or reject the estimator and uncertainty determined by
the traditional fits and could also decrease the uncertainty of the inference to decide between
a contribution of new physics or a SM agreement. The goal of this study is not to implement
this final inference but to experiment with SBI to illustrate its potential for the inference of C9.
Toy data reproducing very closely the measurements of the LHCb are used as observed data
instead of actual LHCb events for data confidentiality reasons.

The value of C9 depends on the conventions used for the effective Hamiltonian, the renormal-
ization scale, the hadronic contributions included, etc. Several fits using different methods
get slightly different results. For these reasons, it is not appropriate to directly compare the
inferred value of C9 to single-point values derived either from the Standard Model or from fit
measurements. To simplify the investigation and to focus on the inference itself rather than the
physical details, the theoretical value predicted by the Standard Model will be considered to be
around CSM

9 ≃ 4.27 and the value measured by fits to be Cfit
9 ≃ CSM

9 − 0.93+0.18
−0.16 ≃ 3.34+0.18

−0.16 [1].
This value should not be interpreted as the definitive measurement made by fits, but as an
indication of the values obtained.
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2.4 Simulation-Based Inference Framework
Simulation-Based Inference (SBI) is a method used to infer the posterior distribution of model
parameters given observed data. In contrast to traditional fitting methods, which require an
explicit likelihood, SBI only requires the ability to generate data from a simulator. This makes
it especially well suited for this problem, which involves complex distributions and detector
effects that are difficult to model analytically. SBI is more convenient than a regular neural
network single value inference, as inferring a posterior allows to evaluate the uncertainty of the
final estimator. The uncertainty includes the intrinsic uncertainty of the observed sample and
the stochasticity of the neural network’s inference. However, the simulator model is assumed
to be correct and a large amount of data has to be simulated. Many diagnostics also need to be
implemented to ensure that the estimator and its uncertainty are correctly determined. These
tests can only be applied on simulated data because they require to know the parameters values.

The simulator allows to generate events xi = (q2, cos θK , cos θℓ, ϕ,mB) following the distribution
p(x |Θ), where Θ = (C9) is a parameter that can be modified. The notation (C9) is used to
emphasize the fact that the parameter could be multidimensional. Ns values of Θ are drawn
from a prior distribution covering the expected values of the parameters. In this study, C9 is
sampled uniformly between 3 and 5. For each value of Θ, Ne events are simulated following
the distribution p(x |Θ) and grouped into a sample Xj = {x1, ..., xNe}. All samples form the
dataset Ω = {X1, ..., XNs} ∈ RNs×Ne×5. A neural network is trained on this dataset Ω to infer
the posterior p(Θ |X) representing the probability that each value of Θ generates the observed
sample X. Once the neural network is correctly trained, it can be used to infer the effective
posterior of Θ using the data measured by the LHCb experiment X⋆.

In this study, assuming the posterior to be symmetrical and unimodal, i.e. peaking only around
one value, is a reasonable simplification. Under these assumptions, the mean, the median and
the maximum a posteriori are equivalent. Hence, the estimator is chosen to be the mean as it
is easier to compute. Its uncertainty is defined as half the width of the central 68% interval of
the posterior (q84 − q16)/2, where q16 and q84 are the 16th and 84th posterior quantiles. These
statistics are computed by sampling a large number of parameters from the inferred posterior.

2.5 Requirements for reliable inference
An inference is accurate when the uncertainty is small. But with SBI, the inference also
needs to be reliable. There are mainly three reasons that can cause a prediction to be wrong:
a misspecification, a wrong calibration and a lack of robustness. These are detailed in the
following subsections.

2.5.1 Misspecification
An SBI model is said to be misspecified if the simulator cannot reproduce the real observed
data for any parameter value. The simulated data is too different from the observed sample
and this causes the neural network to learn an incorrect relationship between the parameter Θ
and the samples X. Given the effective LHCb data X⋆, different from the training dataset, the
neural network will output a biased inference.
A misspecification can be diagnosed using the Maximum Mean Discrepancy (MMD) metric
which measures the distance between two distributions. The MMD is computed between mul-
tiple datasets generated by the simulator in order to estimate the natural variability of MMD
values. The MMD between the LHCb toy data and simulated data can then be computed. If
the distance lies within the intrinsic MMD variation of the simulator, the simulator is reliable,
otherwise it is misspecified [5]. If a simulator is misspecified, it should be made more complex
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to resemble the real data.

2.5.2 Calibration
A neural network is considered well calibrated if the predictions are not biased and the uncer-
tainties are neither underestimated nor overestimated. Many diagnostics allow to assess the
calibration of a neural network. These include: Simulation-Based Calibration (SBC), Expected
Coverage Test (ECT), Posterior Predictive Check (PPC) and Test of Accuracy with Random
Points (TARP). All of these diagnostics have been implemented for this study. However to not
go too deep into the details, only the Expected Coverage Test is described here.
A value of Θ̃ is drawn from the prior (see section 2.4) and a sample X̃ is simulated using
the simulator X̃ ∼ p(X | Θ̃). The neural network outputs the posterior p(Θ | X̃). The credible
intervals of level α ∈ [0, 1] are computed. This process is repeated many times for different Θ̃
and the frequency f(α) of the true value Θ̃ being in the credible interval of level α is computed.
If the neural network is well calibrated, the plot of f(α) should follow a diagonal line [5].
Otherwise, the uncertainty would be over- or underestimated or the inference biased. The
diagnostics SBC and TARP are very similar but use different criteria than the frequency of the
true value being in the credible interval. Poor calibration can be caused by an undertraining,
an overfitting or by a limited training dataset.

2.5.3 Robustness
Finally, it is important to make sure that the neural network is robust, i.e. that its inferences are
stable under small deviations between the training dataset and the observed sample. Indeed,
even if the simulator is not misspecified, small deviations between the simulated data and the
real observed sample are unavoidable. This is due to the approximations made while creating
the simulator. For example, the case where the particles Kπ are created with orbital angular
momentum L = 0, i.e. not via K0∗, is called an S-wave. It has a small contribution that has
been ignored for the simulator, as no simple model is yet available. For the inference to be
reliable, the neural network should not learn information from these discrepancies. Otherwise
giving the neural network a slightly different observed sample will make the inference biased.

The robustness can be evaluated by assessing the behaviour of the average uncertainty and es-
timator shift under small deviations between the simulated training data and observed samples,
for example as a function of the amplitude of a small Gaussian noise added to a simulated ob-
served sample, or as a function of a reduced number of events in the observed sample. The
estimator should stay stable or drift slowly. The uncertainty should stay consistent with the
estimator shift and increase slowly. If instead the estimator shifts very quickly away from the
first prediction, or if the uncertainty decreases, the neural network is not robust and the final
inference will be biased. The estimator shift as a function of an additional Gaussian noise
magnitude δ is calculated as

⟨|Θ(δ)−Θref(0)|⟩
where Θ(δ) is an estimator for an observed sample with an additional noise of amplitude δ, and
Θref(0) is an estimator when no noise is added. The average is computed over multiple observed
samples, multiple random noise generations of amplitude δ and multiple inferred estimators for
each of the noisy observed samples. Even when there is no noise, i.e. δ = 0, the average is
not zero because of the small random variations when calculating an estimator by sampling the
posterior. This uncertainty is called the baseline, it can be reduced by increasing the number of
sampled parameters when calculating an estimator from a posterior. The average uncertainty
⟨σ(δ)⟩ is computed with the same conditions. Finally, the quantity

〈 |Θ(δ)−Θref(0)|
σ(0)

〉

8



is computed to compare the scale of the estimator shift with the initial uncertainty. A neural
network is considered to be robust if the value is ≪ 1 for physically reasonable noise amplitude δ.
Similar quantities for robustness under a reduced number of observed events are computed:

⟨|Θ(N)−Θref(Nmax)|⟩ , ⟨σ(N)⟩,
〈 |Θ(N)−Θref(Nmax)|

σ(0)

〉
,

with Θ(N) an estimator for an observed sample containing N events and σ(N) its uncertainty.

Poor robustness can be caused by an undertraining, an overfitting, a limited training dataset
or a too complex architecture. It can be improved by adding neural network regularizations
during the training. These can for example be an early stopping, a weight decay or a dropout.
In this study, only an early stopping has been implemented as most regularisations are not
supported by the Python library used, as discussed later.

3 Data Generation
3.1 Ideal physics simulator
The Python library EOS [6], designed for precision calculations in flavour physics, has been
used to generate the observables q2, cos θK , cos θℓ, ϕ of the events at theory level. In other
words, the data simulated do not correspond exactly to the measurements made by the LHCb.
This is discussed in the Section 3.2. The Table 1 gives the EOS configuration used.

Category Parameter Value

Global
EOS Decay B->K∗ll::d4Gamma@LargeRecoil
Parameter b->smumu::Re{c9}
Model WET (Weak Effective Theory)

Flavours ℓ µ
q d

Observables ranges

q2 [GeV2] [1.1, 6.0]
cos θℓ [−1, +1]
cos θK [−1, +1]
ϕ [−π, +π]

MCMC sampling
stride 100
pre_N 1000
preruns 10

Table 1: EOS configuration used to simulate ideal data.

EOS uses Markov Chain Monte Carlo (MCMC) sampling that can lead to correlation between
consecutive points or with the initial starting point. This issue is fixed using the following
method. MCMC begins at the starting point, generates preruns times pre_N events. Because
of a random walk diffusion, the correlation with the initial conditions decreases to nearly zero.
Then, events are selected every stride points to prevent any correlation between consecutive
events. The values of preruns, pre_N and stride are indicated in Table 1. The Figure 4
shows that the correlation drops rapidly to zero for the next selected point, indicating that the
MCMC parameter values are satisfying. These values could likely be reduced to accelerate data
generation without affecting the quality.
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Figure 4: Correlation between selected events
separated by a lag k, correlation for k = 1:
7.3× 10−4

Figure 5 illustrates the distributions obtained for the expected value Cfit
9 ≃ 3.34 and compares

them with the LHCb toy data. Indeed, the distributions do not exactly match because of the
detector effects discussed in Section 3.2. The observed discrepancies occur for low q2, high q2,
low cos θℓ, high cos θK , and intermediate values of mB.
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Figure 5: Distributions of the observables q2, cos θℓ, cos θK , ϕ, and mB generated by the ideal
simulator for Cfit

9 ≃ 3.34.
Parameter Value
fcore 0.7995
µ [GeV] 5.2800
σ1 [GeV] 0.0157
α1 1.8470
n1 1.1296
σ2 [GeV] 0.0255
α2 -2.1940
n2 2.3460
mB,min [GeV] 5.17
mB,max [GeV] 5.70

Table 2: Parameters of the double Crys-
tal Ball function used for the mB distri-
bution [1]

The last observable mB is drawn independently of
the first four observables using a custom probabil-
ity density function determined by a past study [1].
This function is a sum of two crystal ball functions [7]
weighted by the coefficient fcore. The mathematical
definition of a crystal ball is presented in Equation
(2) in the Appendices. They share the same mean µ
but have different widths σi, transition points αi and
tail powers ni. The values of mB are generated within
mB,min and mB,max. Table 2 lists the parameter val-
ues used. The resulting distribution is illustrated in
Figure 5.
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It is useful to generate this observable because its distribution is different for signal events and
for background contributions, as explained in Section 3.2.2. This allows the neural network to
identify background contributions and limit their impact.

3.2 Experimental effects
The neural network will use simulated data as a training dataset but the final inference is
performed on LHCb toy data. For this inference to be relevant, the simulated data should be
very close to the LHCb data. Thus, it is necessary to implement the impact of the detectors on
the observable distributions. The detector effects can be modelled by mainly three sources: the
acceptance, the background and the resolution. These are discussed in the following subsections.

3.2.1 Acceptance
The LHCb has an efficiency ε(x) to detect an event x depending on the values of the observables
x = (q2, cos θK , cos θℓ, ϕ,mB). For example, some angles might be easier to detect than others.
This deforms the ideal distributions generated by EOS. The acceptance is modelled by accept-
ing simulated events with a probability ε(x). This function is expressed as a sum of polynomials
with coefficients determined by a previous study [1]. The probability is often very low, and has
been boosted artificially in this study by multiplying the output by 40 in order to make the data
generation faster. This appears to have no impact on the final distributions as the acceptance
probabilities are still low, of order 0.1. Furthermore, the coefficients of ε(x) are slightly different
depending on the year of the LHCb measurements, on the scale of q2 and for B0 or B̄0. To sim-
plify the implementation, this has been ignored and only the coefficients from the year 2017, for
high q2 and B0 have been used. Finally, the coefficients depend on the invariant mass mKπ of
the system Kπ, which for simplicity has been assumed to be constant at mKπ = 892 MeV. The
shape of the efficiency function ε(x) is shown in Figure 6 and is independent of the value of mB.
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Figure 6: Efficiency function ε(x) modelling the detector acceptance
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3.2.2 Background contributions

Parameter Value
pcos θℓ1 0.4773
pcos θℓ2 0.2071
pcos θK1 0.0834
pcos θK2 0.3354
pϕ1 0.2216
pϕ2 0.0674
τ [GeV−1] 5.745
1− fb 0.7708

Table 3: Values used to model the back-
ground [1]

The background contributions correspond to events
that come from other decays that have been misiden-
tified or to random noise combinations in the detect-
ors. The background is modelled by replacing a frac-
tion fb of simulated events by new events drawn from
another distribution. The invariant mass squared
q2 is sampled uniformly between q2min and q2max, the
angles cos θK , cos θℓ and ϕ are drawn from distribu-
tions expressed as second order Chebyshev polynomi-
als 1+p1t+p2(2t

2−1). The reconstructed B mass mB

is drawn from a truncated exponential e−τmB . These
observables are sampled in their usual ranges indic-
ated in Table 1 and Table 2. The Table 3 presents the
values of the background parameters used. The shape and coefficients have been determined
by a previous study [1]. The distributions are illustrated in Figure 7.
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Figure 7: Probability density functions of the observables for background events

3.2.3 Resolution

Parameter Value
σcore
q2 [GeV2] 0.05

σtail
q2 [GeV2] 0.10

ftail 0.10
σcos θℓ 0.02
σcos θK 0.02
σϕ 0.02

Table 4: Parameters of the detector res-
olution model

The resolution models the finite precision of the
LHCb detectors by smearing the EOS distributions
very slightly. This effect is not dominant and could
be neglected. However, it is also useful to add a small
noise on the simulated data to improve the robustness
of the neural network as discussed in Section 2.5.3.
The resolution is modelled by adding a small Gaus-
sian noise of amplitude σ to the simulated data and
clipping values outside the observable ranges indic-
ated in Table 1. No noise is added to mB as its distri-
bution already corresponds to a stochastic variation.
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For the invariant mass squared q2, a fraction ftail of the points uses a higher noise amplitude
σtail to describe the behaviour of a tail. Table 4 presents the values of the parameters used.
These values have not been determined rigorously by a previous study, but have been chosen
to minimally impact the distributions while improving robustness.

3.3 Data–simulation agreement
Including the newly implemented detector effects, the distributions of the observables are now
closer to the LHCb toy data as shown in Figure 8.
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Figure 8: Distributions of the observables q2, cos θℓ, cos θK , ϕ, and mB generated by the
simulator including detector effects for Cfit

9 ≃ 3.34

To ensure that no significant discrepancy remains, it is important to test the misspecification,
as described in Section 2.5.1. The results are shown in Figure 9. With the ideal simulator,
the diagnostic fails as the red line is outside the histogram mass. However, when using the
detector effects, the red line now lies within the distribution and the p-value of 0.82 ≫ 0.05 is
now acceptable. It is important to note that the red line does not need to be in the middle of
the blue histogram, it only needs to lie within it.
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Figure 9: Misspecification diagnostic (a) ideal simulator, p-value: 0 ≪ 0.05 (b) simulator
including detector effects, p-value: 0.82 ≫ 0.05

3.4 Data preprocessing
Once the simulated data is satisfying, it needs to be formatted to improve the stability and
efficiency of the neural network training. The periodicity of ϕ is enforced by mapping it to
cosϕ, sinϕ and the data is normalized using the following method. For a dataset of Ns samples,
containing each Ne events of dimension d, the mean µ ∈ Rd and standard deviation σ ∈ Rd are
computed keeping the observables independent, but mixing the events from different samples.
Parameter normalisation is also implemented but not used for simplicity. This has no significant
impact, as only a single parameter is inferred and its range [3, 5] is of order 1. Enabling this
feature would improve the training stability if several parameters were inferred simultaneously.
With this preprocessing, the neural network does not need to learn the different scale of the
observables and the periodicity of ϕ.

4 Simulation-Based Inference
4.1 Neural Network Architecture
To perform a SBI, the neural network needs to have a specific architecture. In the context
studied here, a sample X is composed of events xi independently drawn from the same distri-
bution. The first layers of the neural network must enforce the permutation invariance of the
events in a sample. This is achieved by using a DeepSet encoder. It calculates a summary z of
a sample using the formula

z(X) = ρ

(
1

Ne

Ne∑

i=1

φ(xi)

)

The function φ is a small neural network applied to events. The results are grouped in a per-
mutation invariant mean and passed to a second neural network ρ to output the final summary.
This summary is then transmitted to the rest of the neural network.

The second part of the network is a Neural Spline Flow (NSF). It allows the modelling of the
complex distribution p(Θ | z) through a sequence of spline transformations f = fK ◦ ... ◦ f1
applied to a base standard Gaussian distribution y ∼ py(y) = N (0, 1). The posterior is then
given by

p(Θ | z) = py(f
−1(Θ; z))

∣∣∣∣det
∂f−1

∂Θ

∣∣∣∣
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Here monotonic piecewise rational quadratic splines are used. They each correspond to a
smooth function fi defined on subintervals [yi,j; yi,j+1] by

fi(y) =
aijy

2 + bijy + cij
dijy + eij

where the coefficients of the polynomials and the bounds of the intervals are determined by the
neural network. These splines are used because they are flexible, analytically invertible and
numerically stable.

To simplify the implementation, the Python library SBI [5] has been used. The Table 5 gives the
SBI objects and values of the parameters used. SBI uses the learning optimizer Adam to ensure
a stable and efficient convergence. The encoder activation function is fixed by SBI to ReLU. The
NSF activation function is ReLU but can be set to SiLU or GeLU. These functions are plotted
in Figure 10 and defined in Equation (1) [8]. The event encoder φ and the set embedding ρ
have each 2 layers of 64 neurons. The Neural Spline Flow consists of 10 transformations, each
defined on 8 subintervals. Each transformation has a layer of 128 neurons. The choice of that
architecture will be discussed in Section 6.3.

Component Class / Type Parameters
Prior BoxUniform [3, 5]
Event encoder φ FCEmbedding layers: 2, hidden neurons: 64, output

dimension: 64
Set embedding ρ PermutationInvariant-

Embedding
layers: 2, hidden neurons: 64, output
dimension: 128

Aggregation Mean –
Density estimator Neural Spline Flow (NSF) 10 transforms fi, 8 bins [xi,j, xi,j+1]
Flow hidden layers Fully connected hidden neurons: 128
Flow activation func-
tion

ReLU (or SiLU, GeLU) –

Encoder activation
function

ReLU –

Inference method Neural Posterior Estimation
(NPE)

–

Learning optimizer Adam –

Table 5: Neural network architecture and hyper-parameters used for SBI
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Figure 10: Comparison of ReLU, SiLU
and GeLU

ReLU(x) = max(0, x)

SiLU(x) =
x

1 + e−x

GeLU(x) =
1

2
x

(
1 + erf

(
x√
2
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erf(z) =
2√
π

∫ z

0

e−t2dt

(1)
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ReLU is the fastest to compute. However, its zero derivative for negative entries can lead to
dead neurons which are no longer updated, and decrease the capacity of the neural network.
Using SiLU reduces that issue but makes the computations slower. Finally, GeLU is even slower
but allows a better expressivity.

4.2 Performance evaluation and improvement
It is important to be able to ensure that the inference uncertainty is dominated by the intrinsic
uncertainty of the observed sample rather than by a limited training dataset, an undertraining
or an architecture not complex enough. Diagnostics have been implemented to assess the impact
of the number of events Ne in a sample, of the number of samples Ns in the training dataset,
of the duration of the training and of the architecture. These tests correspond to plots of the
average uncertainty of many inferences as a function of the relevant variables. The duration
of the training is characterized by the number of epochs, i.e. the number of times the neural
network iterates over the entire dataset during the training.

4.3 Sequential Neural Posterior Estimation
In this study, the final goal is to perform a precise inference near a single true value Θ⋆ associated
with the observed LHCb sample X⋆. Thus, it is relevant to focus the capacity of the neural
network near the value Θ⋆ rather than on the entire prior. This is done by using a Sequential
Neural Posterior Estimation (SNPE). The network is trained using values of Θ drawn from the
prior as described in Section 2.4. An intermediate inference of p(Θ |X⋆) is done. New values of
Θ are sampled from this posterior. New samples are generated for each value of the parameters
using the simulator in order to form a new training dataset. The same neural network is then
further trained on this new dataset to refine the performance around the true value Θ⋆. This
process can be repeated multiple times, referred to as “rounds”. This method is relevant to
improve the calibration and the predictions themselves around the true value.

4.4 Technical details
The code developed for this project is available on its GitHub page [9]. A large effort has been
put in order to make the code modular and easy to improve.
One of the key features is the ability to save and load data files and neural network instances.
The SBI library saves the dataset along with each instance of the neural network, taking a huge
amount of storage space. To resolve this issue, a more convenient method was implemented. It
allows training to be paused and resumed by saving the data files paths instead of the dataset
itself. Models can also be loaded without the training dataset when only an inference is needed.

Many diagnostics were added to ensure the proper functioning of the simulator, the detector
effects model and the neural networks. Furthermore, because of the EOS MCMC sampling
described in Section 3.1, and the acceptance described in Section 3.2.1, generating data takes
a very long time. Simulating a sample of Ne = 10 000 events takes around 8 hours. It has been
necessary to use powerful Imperial HEP batch machines managed by the workload management
software HTCondor and to generate multiple data files in parallel. A final dataset of Ns = 1500
samples of Ne = 10 000 events each was generated in approximately 2 weeks because of the
waiting time for batch jobs. This dataset is satisfactory to explore the potential of SBI. Since
Ns = 1500 is relatively small, the training of a neural network is much faster and takes around 1
hour. The slowness of the data generation also makes the implementation of model diagnostics
more challenging. When possible, it is beneficial to generate the data beforehand and store it.
But some diagnostics need simulated samples for specific values of the parameters, forcing the
generation of new data. This can make diagnostics like Posterior Predictive Check (PPC) very
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slow. Finally, using all the dataset at the same time would take too much memory. Thus, it is
necessary to split and manage the data in smaller batches.

5 Results
This section presents the configurations used and the results obtained. Their outcomes will be
discussed in Section 6.

5.1 Models with the ideal and complete simulators
The first neural network is trained with a dataset generated by the ideal simulator ignoring the
detector effects. The training and validation losses are shown in Figure 11. The epoch with the
lowest validation loss is selected for the following analysis. The Figure 12 presents an example
of a posterior prediction given a simulated observed sample with a known true parameter. To
ensure the proper functioning, this process is repeated many times to produce the Figure 27 in
the Appendices. The second neural network is trained using the complete simulator. The two
datasets for the two models each consist of Ns = 1500 samples containing Ne = 10 000 events.
Figure 13 illustrates the calibration of the neural networks on simulated samples as explained
in Section 2.5.2. The robustness of the neural networks, explained in Section 2.5.3, is presented
in Figure 14 and Figure 15. The Gaussian noise is added to the normalized data, so a noise
amplitude of δ = 1 corresponds to variations of the same order as the data itself.

Figure 11: Training and validation losses during the training of the neural network with the
ideal simulator
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Figure 13: Calibration diagnostics of the neural networks trained with and without the detector
effects (a) Expected Coverage Test (b) Test of Accuracy with Random Points (c) Simulation-
Based Calibration
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Figure 14: Robustness to noise of the neural networks trained with the simulators including
and excluding detector effects (a) Estimator shift (b) Uncertainty evolution
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Figure 15: Robustness to reduced number of events in the observed samples for the neural
networks trained with the simulator including and excluding the detector effects (a) Estimator
shift (b) Uncertainty evolution

A total of 200 inferences with different observed LHCb toy samples allow to estimate the value
of C9. The resulting estimators are shown in Figure 16. The same inferences are done for the
neural network trained with the complete simulator and the results are presented in Figure 17.
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Figure 16: Final inference given observed LHCb toy samples for the neural network trained
on ideal data (a) Estimators distribution (b) Estimators error-bars. Final estimate: Ĉ9 =
3.950± 0.005
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Figure 17: Final inference given observed LHCb toy samples for the neural network trained with
the complete simulator (a) Estimators distribution (b) Estimators error-bars. Final estimate:
Ĉ9 = 3.920± 0.005

5.2 Impact of the number of events per sample
This subsection assesses the impact of the number of events per sample Ne on the average
inference uncertainty. Neural networks using the complete simulator are trained with datasets
of Ns = 1000 samples and number of events Ne varying between 100 and 10 000. The networks
are trained until reaching their convergence, i.e. their validation loss minimum. These models
are given observed samples with the same number of events per sample as what they were
trained on. The average inference uncertainty is plotted on Figure 18.

5.3 Impact of the training dataset size
This subsection focuses on the impact of the number of samples Ns in the training dataset.
The complete simulator including detector effects is used. The number of events per sample
is fixed to Ne = 10 000 and the number of samples Ns varies from 30 to 1 500. The average
inference uncertainty is shown in Figure 19.
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5.4 Impact of the training duration
This subsection investigates the impact of under-training and overfitting on the inference. A
neural network is trained with the complete simulator, Ns = 1000 and Ne = 1500. The training
and validation losses as a function of the number of epochs are drawn in Figure 20. An epoch is
an iteration over the entire dataset during the training. Figure 21 shows the progression of the
average inference uncertainty for different number of epochs. It is also relevant to compare the
neural network at three stages: at epochs number 10, 240 and 1 800. The Figure 22 compares
their calibration and the Figure 23 their robustness.

Figure 20: Training and validation losses during the training
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Figure 22: Expected Coverage Test of the
neural network at epochs 10, 240 and 1800
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Figure 23: Robustness of the neural network at different epochs (a) Robustness to noise
(b) Robustness to a reduced number of observed events

5.5 Impact of the architecture
Finally, the impact of the neural network architecture is investigated. Multiple neural networks
are trained with the complete simulator, Ns = 1000 and Ne = 10 000. However this time, the
configuration indicated in Table 5 is modified. Three neural networks use ReLU, SiLU and
GeLU as their NSF activation functions. Another neural network is trained with the activation
function ReLU and with 20 NSF layers instead of 10. Finally a fifth neural network is trained
with only 5 NSF layers and ReLU. The average inference uncertainty of each model is indicated
in Figure 24. The calibration and robustness of these models is compared in Figure 25 and
Figure 26 respectively.
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Figure 25: Expected Coverage Test of dif-
ferent neural network architectures. ReLU,
GeLU, SiLU have 10 NSF layers, − layers has
5 NSF layers and uses ReLU, + layers has 20
NSF layers and also uses ReLU
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Figure 26: Robustness of different neural network architectures (a) Robustness to noise (b)
Robustness to a reduced number of observed events. ReLU, GeLU, SiLU have 10 NSF layers,
− layers has 5 NSF Layers and uses ReLU, + layers has 20 NSF layers and also uses ReLU

6 Discussion
6.1 Model with the ideal simulator
This first neural network was trained with the ideal simulator, ignoring detector effects. Figure
11 shows that the neural network learns most of the relationship between the observed sample
and the parameter within approximately 40 epochs. The learning process then becomes sig-
nificantly slower. The impact of the number of epochs will be discussed in Section 6.3. As
illustrated by Figure 12, the inferred posterior is generally close to the true parameter that
generated the observed sample. Here, the final estimator Ĉ9 = 3.49 ± 0.09 differs by 1.4%
from the true value C⋆

9 = 3.4404. The narrow posterior width lead to a satisfactory estimator
uncertainty that correctly includes the true value. The elements determining the width will be
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discussed in Section 6.3. The proper behaviour of the neural network is confirmed over a larger
number of inferences in Figure 27 in the Appendices.

The diagnostics in Figure 13 reveal a satisfactory calibration as the curves are close to the di-
agonals. Hence, the neural network can accurately infer a posterior from a simulated observed
sample. The predictions are unbiased and the uncertainties are correctly estimated. Figure 15
indicates that the estimator shifts when the neural network is given a reduced number of events
in the observed sample. For 9 000 observed events instead of 10 000, a bias of half the initial
uncertainty is introduced. Moreover, the uncertainty decreases, leading to an overconfident and
biased inference. Hence, the neural network is particularly sensitive to the number of observed
events. Figure 14 shows that the estimator slowly shifts from its original value when a Gaussian
noise is added to the observed sample. The shift can be neglected for noise amplitudes δ < 0.1.
However, the uncertainty stays approximately constant leading to an underestimation of the
estimator uncertainty for higher noise amplitudes. If the real LHCb data deviates more from
the simulations than a noisy observed sample with δ = 0.1, the estimates will be biased and the
uncertainty will be underestimated. This is expected, as Figure 9 in Section 2.5.1 demonstrated
that the ideal simulator was misspecified.

Figure 16 shows the estimator distribution obtained for the inferences with LHCb toy data.
The final estimate is found to be Ĉ9 ≃ 3.950 ± 0.005. As explained in Section 2.3, reference
values for the Standard Model prediction and fit results are CSM

9 ≃ 4.27 and Cfit
9 = 3.34+0.18

−0.16

respectively. Hence, the estimator has a relative error of approximately 7% with respect to
the SM prediction and 18% with respect to the fit measurements. This inference suggests an
overestimated disagreement of the fit measurements with the theoretical predictions, but it
should not be trusted, since the misspecification diagnostic has failed.

6.2 Model with the complete simulator
This second model was trained using a simulator that includes the detector effects. A good
calibration is depicted in Figure 13. Figure 15 shows that this neural network is also sensitive
to the number of events in the observed samples as the uncertainty decreases and the estimator
quickly shifts away when the number of events is reduced. A bias of around half the initial
uncertainty is introduced when the number of observed events is decreased from 10 000 to 9 300.
Figure 14 reveals that the estimator shift for a noisy observed sample can be neglected for a
noise amplitude δ < 0.1. For higher amplitudes, the shift starts becoming comparable to the
uncertainty that remained roughly constant leading to a bias and underestimation of the uncer-
tainty. Furthermore, the robustness is slightly worse than that of the ideal simulator model as
the estimator shift increases faster. The addition of the resolution noise is expected to improve
the robustness, however the acceptance and background contributions increase the complexity
of the data, making the learning harder and reducing the robustness of the neural network.

Figure 17 presents the estimators obtained from the LHCb toy data inferences. The final es-
timate is Ĉ9 = 3.920 ± 0.005 corresponding to an 8% error relative to the Standard Model
prediction and a 17% error relative to the fit measurements. This time, the complete simulator
is not misspecified as demonstrated by Figure 9 and the inference should be reliable. However,
the final estimate is very close to the one calculated with the ideal simulator with a relative
difference of only 0.8%. This can be explained by three main factors. First, the misspecification
of the ideal simulator may introduce a random bias that happens to be small for the particular
LHCb toy dataset considered. In this case, the complete simulator inference might be reliable.
Secondly, it is possible that the information learned by the neural networks is not sensitive to

24



the inclusion of detector effects. However, this would suggest that the networks have only cap-
tured key features of the data and no finer details. Finally, this behaviour may indicate that the
simulator remains insufficiently realistic. When given LHCb toy data, the neural networks may
interpret small discrepancies with respect to their training data as meaningful features, leading
to an incorrect posterior with a similar bias for the two models. The third explanation appears
to be the most plausible, suggesting that the inferred estimators are not reliable. Indeed, the
correct calibration of the neural networks indicates that they have learned non trivial features
and a randomly small bias for the ideal simulator case is unlikely. Even though the complete
simulator successfully passes the misspecification diagnostic, more stringent tests may reveal
remaining discrepancies between the simulated data and the LHCb toy data that cannot be
neglected.

The aim of this study is to explore the use of Simulation-Based Inference rather than to im-
plement the final estimation of C9. Inferring a value with errors of order 10-20% with the
Standard Model prediction and the fit measurements using a simplified model of the detector
effects already demonstrates the potential of this approach. However, it also illustrates its
limitations as a very accurate simulator needs to be implemented to prevent any bias in the
inference, and the quality of the simulator must be assessed using very precise diagnostics.

6.3 Comparison of neural network configurations
This section examines the impact of several factors on the average uncertainty, the calibration
and the robustness of the neural networks.

Impact of the number of events per sample
Figure 18 shows that the average inference uncertainty follows the expected 1/Ne scaling with
Ne the number of events per sample. Hence, the posterior width is mainly determined by the
intrinsic uncertainty of the observed sample. Indeed, for well calibrated neural networks, the
posterior widths only reflect the uncertainty in the observed samples.

Impact of the number of samples in the training dataset
The effect of the training dataset size Ns on the average uncertainty is shown in Figure 19.
At low numbers of samples in the dataset, the uncertainty decreases quickly. The neural
network is limited by the information present in the training dataset. The uncertainty reaches
a plateau and starts decreasing much slower at approximately Ns = 100. Most of the relevant
information has been learned by the network and new samples only help refine the information
already learned. To obtain a reliable inference, it is important to reach and go beyond the
beginning of the plateau to ensure that most of the relevant information has been learned by
the neural network.

Impact of the duration of the training
The impact of the training duration is now investigated. Figure 20 shows the training and val-
idation losses of a neural network. The small losses oscillations can be explained by two factors:
the learning rate being set too high by the optimizer Adam and the model being trained and
evaluated on small data batches. These oscillations play no role and can be ignored. Between
the epochs 1 000 and 1 200, the validation loss starts to increase while the training loss contin-
ues to decrease past the previous plateau. This phenomenon is called overfitting, the neural
network learns features specific to the training dataset, causing a deterioration of the inferences
on the validation dataset. To obtain the best predictions, it is important to select the neural
network version with the lowest validation loss rather than the training loss.
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Figure 21 presents the average inference uncertainty as a function of the epoch. The uncertainty
decreases rapidly during the first epochs. The neural network learns most of the relevant in-
formation and becomes more confident in its predictions. The average uncertainty then reaches
a plateau, as it becomes limited by the intrinsic uncertainty in the observed samples. After
epoch 1 000, the uncertainty starts to decrease again as the neural network begins to overfit the
training dataset. The observed samples used to calculate the average uncertainty are not part
of the training dataset. Thus, this lower uncertainty is associated with an underestimation
of the intrinsic uncertainty and a deterioration of the calibration rather than with a better
accuracy.

The calibration and robustness of the neural network at epochs 10, 240 and 1800 are tested in
Figures 22 and 23. At epoch 10, the network is still learning important information and is not
yet well calibrated. The Expected Coverage Test shows that the empirical coverage is lower than
the confidence level. This is due to the neural network not being able to infer the correct value
of the parameter. Indeed, under additional noise, the inference is unaffected, the estimator does
not shift and the uncertainty stays constant. The shift is also very slow when the number of
observed events is decreased. At epoch 240, the neural network has learned most of the relevant
information and the calibration is satisfying. The estimator shifts very slowly under an added
noise, this deviation can be neglected for noise amplitudes δ < 0.3. As before, the uncertainty
remains incoherently constant leading to an underestimated error, non negligible for higher
amplitudes. The estimators shift on average by half the original uncertainty when the number
of observed events is decreased only from 1 500 to 1 300. At epoch 1 800, the network loses
its calibration and robustness because of overfitting. The sub-diagonal curve in the Expected
Coverage Test is consistent with a global underestimation of the uncertainties. Under added
noise or a reduced number of observed events, the estimators shift much faster. This loss of
robustness is explained by the neural network learning fine details about the training dataset.
Hence, both the calibration and robustness are better and more realistic when the validation
loss is minimized.

Impact of the architecture
Figure 24 shows that the different architectures studied give roughly the same average inference
uncertainty. The small variations of order 10% might be caused by the stochasticity of the
training. Multiple neural networks with each architecture should be trained, and their results
averaged to really be able to interpret such differences. Therefore, the uncertainty is mainly
determined by the intrinsic uncertainty in the observed sample and not by the neural network
architecture. This is because these models are all correctly calibrated and expressive enough.
Hence, the configuration shown in Table 5 could be simplified without affecting the inferences.
The model using ReLU as its NSF activation function seems to have a lower average uncertainty,
but this is likely due to better training conditions. Indeed, multiple neural networks using ReLU
were trained, and the best performing model was selected.
All the neural networks, independently of their architecture, are well calibrated as shown in
Figure 25. Figure 26 reveals that all the neural networks have approximately the same robust-
ness under an additional noise or a reduce number of observed events except for the neural
network with more NSF layers under an additional noise. Indeed, adding more layers allows to
learn a finer relation between the simulated data and the parameter values making the neural
network more sensitive to small deviations and less robust.
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Conditions for an optimal inference
These results allow to conclude the conditions needed for an optimal LHCb inference. The
number of events in the observed samples needs to be maximised and match the quantity
measured by the LHCb. The neural networks should not be given smaller observed samples
than the samples in the training dataset. Furthermore, the training dataset needs to be large
enough to capture most of the relevant information, with additional refinements. It does not
need to be excessively large. The optimal epoch is the one minimizing the validation loss
as it offers the best calibration and robustness. The architecture of the neural network does
not play a major role as long as it is not overcomplicated. The one given in Table 5 can be
simplified by reducing the number of layers and number of neurons per layer without affecting
the performance. SiLU is a good compromise to prevent the dead neurons problem explained
in Section 4.1 without slowing the calculations too much.

6.4 Possible improvements and further work
This section describes elements that could be improved or studied further.

Implementing the actual inference
To implement the real inference of C9 using SBI, the robustness of the neural networks and
the accuracy of the simulator need to be improved to prevent any bias and underestimated
uncertainty. Under an additional noise or reduced number of observed events, the uncertainty
should increase slowly and the estimator should remain stable or shift in a consistent way. None
of the neural networks trained in this study follows this ideal behaviour. Several elements could
potentially improve the robustness: increasing the amplitude of the resolution noise but keeping
it physically plausible, introducing nuisance parameters making the noise and detector effects
intensities vary for different samples, implementing more neural network regularizations like a
weight decay or a dropout and simplifying the model architecture. This project uses Neural
Posterior Estimation (NPE) as it is more intuitive, faster and better suited for diagnostics.
However, other approaches like Neural Likelihood Estimation (NLE) and Neural Ratio Estim-
ation (NRE) could also improve considerably the robustness. These methods do not directly
infer the posterior, but other quantities from which the posterior can be deduced [5].
Likewise, it is important to improve the simulator by making the implementation of the detector
effects more realistic. As mentioned in Section 3.2.1, only the acceptance coefficients from 2017,
for high q2 and B0 have been used. Varying the coefficients corresponding with the ratio of
events measured by the LHCb for each type could improve the simulation of the acceptance.
Another element would be to implement correctly the S-wave contributions, explained in Section
2.5.3.

Improving the comparisons
This study is an experimentation of SBI as a tool to infer C9 from the LHCb measurements.
Before making the final inference, the comparisons made in this study can be verified with
a more rigorous method. The results like the inference uncertainty should be averaged using
multiple neural networks trained with the same configuration. This would make the results
independent of stochastic variations, making them more credible. This might also reveal a
difference between the different architectures studied. The impact of the number of layers and
number of neurons should also be studied in more depth. This would allow to determine a
better compromise between expressivity and simplicity. The number of layers described in
Table 5 has probably been set too high as decreasing it did not make the predictions worse.
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Potential further work
Despite the simulator and robustness issue, this study illustrates the potential of SBI as a new
approach to infer the value of C9 from LHCb data. The neural network is able to correctly
infer the value of C9 and its associated uncertainty for observed samples generated by the same
simulator. Improving the simulator and the robustness of the neural network could extend this
result to LHCb data and make a real inference of C9 possible. The prediction could be refined
using sequential methods described in Section 4.3. This approach has been implemented but
could not be used due to time constraints [9].
As described before, it would also be interesting to improve the comparison of the model
configurations and to explore deeper the impact of the architecture. Finally, this work could be
extended by allowing the inference of multiple Wilson coefficients simultaneously. For example,
the coefficient C10 also affects the distributions of the observables and could be inferred with
C9.

7 Conclusion
The Standard Model of particle physics, although extremely successful, is known to be incom-
plete. The B anomalies are an example of a discrepancy between its predictions and the LHCb
measurements. The decay B0 → K0∗µ+µ− is particularly interesting because of its sensit-
ivity to potential contributions from new physics. The value of the Wilson coefficient C9 is
traditionally estimated using likelihood-based fits, but these methods are limited by required
approximations and complex correlations between a large number of parameters. This work
explored the use of Simulation-Based Inference as an alternative approach to estimate the value
of C9 directly from LHCb measurements.

A model of the detector effects was implemented to partially fix the misspecification of the ideal
simulator. Calibration and robustness diagnostics were implemented to compare several neural
network models and identify a suitable configuration. Estimates of C9 obtained from LHCb
toy data show relative deviations of order 15% with respect to the Standard Model prediction
and fit measurements. However, the accuracy of the simulator and the robustness of the neural
networks need to be improved for these estimates to be reliable, in order to prevent any bias
and uncertainty underestimation.

Despite this issue, this project illustrates the potential of Simulation-Based Inference to improve
the current estimations of C9. With a more realistic simulator, improved robustness, sequen-
tial methods, and alternative SBI approaches such as Neural Ratio Estimation, an accurate
inference of C9 could be achieved. In the long term, such developments may help determine
whether the observed tensions with the Standard Model predictions are due to underestimated
uncertainties or signs of new physics.
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Definition of the crystal ball function [7]:
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Figure 27: Many posterior inferences of a model using the ideal simulator. The green regions
are the inferred posteriors, the red dashed lines indicate the true parameter values. The Y-axis
gives the posterior probability density.
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